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ABSTRACT. We get estimates for the integrals of powered i-th mean
curvatures, 1 < ¢ < n — 1, of compact and convex hypersurfaces, in
terms of the quermaflintegrals of the corresponding Cf_ convex bodies.
These bounds will be obtained as consequences of a most general result
for functions defined on a general probability space. From this result,
similar estimates for the integrals of any convex transformation of the
elementary symmetric functions of the radii of curvature of C3 convex
bodies will be also proved, both, in terms of the quermaflintegrals, and
of the roots of their Steiner polynomials. Finally, the radial function is
considered, and estimates of the corresponding integrals are obtained in
terms of the dual quermafintegrals.

1. INTRODUCTION AND MAIN RESULTS

Let K be the set of all convex bodies, i.e., compact convex sets with
non-empty interior, in the n-dimensional Euclidean space R”, containing
the origin. Let (-,-) and || - || be the standard inner product and Euclidean
norm in R", respectively. The boundary of a set M C R" is denoted by
bd M and its convex hull by conv M. We write B3 to denote the Euclidean
unit ball centered at the origin, By (r) for the ball (centered at 0) with radius
r >0, and "' = {& € R" : ||z = 1} for the unit sphere in R™. Let ¢;
denote the i-th canonical unit vector.

A convex body K € K@ is said to be of class C? if its boundary hy-
persurface bd K is a regular submanifold of R™, in the sense of differential
geometry, which is twice continuously differentiable. Moreover, we say that
K is of class Ci if K is of class C? and the Gauss map vk : bd K — S,
mapping a boundary point x € bd K to the (unique) normal vector of K at
x, is a diffeomorphism.
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If M is a (proper) Borel subset of R", we will use the same notation
| - | for its volume (i.e., its Lebesgue measure) and its surface area, writing
|M| and |bd M|, respectively. Moreover, by H*, 0 < k < n, we denote the
k-dimensional Hausdorff measure on R", and thus, if M is a subset of a
k-plane or a k-dimensional sphere, then H* (M) coincides, respectively, with
the k-dimensional Lebesgue measure of M in R* or with the k-dimensional
spherical Lebesgue measure in S¥. Moreover, the outer radius and the inner
radius of K € K are defined as the quantities

R(K) =min{R > 0: K C RB}} = max{||z| : z € bd K },
I(K)=max{r >0:rBy C K} = min{|z| : 2 € bd K }.

Clearly, the value R(K) — t(K) is not translation invariant, but since K is
compact, there exists a point cx such that

R(K —cx) — (K — cg) =min{R(K — t) —T(K —t) : t € K }.
We observe that cx is the so-called center of the minimal annulus, i.e., the
uniquely determined annulus (closed set consisting of all points between two
concentric balls) with minimal difference of radii containing bd K.
If K is O-symmetric, i.e., if K = —K, then R(K) and 7(K) coincide with
the classical circumradius and inradius of K, namely,
R(K) =min{R : 3z € R" with K C x + RB3},
r(K) =max{R: 3z € R" with « + RBy C K},

respectively. In general, we will say that a convex body K is centered if
R(K) =R(K) and r(K) = 7(K).

Given a compact (oriented) hypersurface M C R™ with smooth boundary
and mean curvature H positive everywhere, Willmore’s inequality says that

(1.1) / H"YdH"! > n|BY|.
bd M

This was proved by Willmore [19] in the 3-dimensional case and by Chen in
an arbitrary dimension, see [3, 4]. Moreover, Ros [15] proved that

1
(1.2) / — dH"! > n|M|.
van H

Besides the major importance that these results have by themselves, they
are specially interesting because they imply isoperimetric inequalities (see
e.g. [14]). Further information and related results on this topic can be found
in, e.g., [1, 11] and the references given there.

In the particular case of a convex body K € Kf} of class C'_Qi_, i.e., when
the hypersurface bd K is convex, (1.1) can be trivially obtained from the
relation H"~! > K, where K denotes the Gauss-Kronecker curvature. These
inequalities have been considered in a more general setting than convex
hypersurfaces (see, e.g. [13]). However, a natural problem would be to get
improvements of (1.1) and (1.2) when we remain in the convex case. At
this respect, in [7] the planar case is considered, and lower bounds for the
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integrals of powers of the curvature of a smooth bounded planar convex
curve are shown.

One aim of the paper is to get estimates for the integrals of powered -th
mean curvatures H;, ¢ = 1,...,n — 1, of compact and convex hypersurfaces,
which include, in particular, the mean curvature (i = 1) and the Gauss-
Kronecker curvature (i = n — 1). The bounds will be given in terms of the
radii T, R and the quermafintegrals W; of the corresponding convex bodies,
which are special geometric measures associated to the set and including,
in particular, the volume and the surface area (see Section 3 for the precise
definition and properties).

Theorem 1.1. Let K € K be of class Ci. Then, for any a > 0 and all
0<i<n—1,
e [ wes o we

/ HyHdH !
7 2 i (03 : o Y
bd K <|bdK]+WM) <|bdK|—W€_H)

Vv

1 d1 1 | bd K |1 N | bd K|**!
ba ik HE - 2n“« W, & @ W, & “l”
¢ i+1 + [bd K| +1 — [bd K|

where

|bd K|W; — n|K|W;41
&= R(K — CK) — T(K — CK)
0 if K = BY(r) for some r > 0.
Equality holds in both inequalities if K = BY (up to dilations).

if K # By (r) for any r >0,

In particular, lower bounds for the integrals of the square/(n — 1)-power
and the inverse of the classical mean and Gauss-Kronecker curvatures can
be obtained:

Corollary 1.1. Let K € K} be of class Ci. Then,

Hn—ldH’rL—l > nnil ng—l + W;_l
- n— n—21"
bd K 2 [ (1bd K|+ &) (1ba x| - &)

1 1 |bd KW

A > n’2|€22 and
bd K W3 — ek

2

HQdanl Z n2 |bdK|W22 )

bd K Ibd K|2 — %
2

Equality holds in all inequalities if K = BY (up to dilations).

The first and second bounds, as well as the ones obtained with the tighter
inequalities given in Theorems 3.2 and 3.3, improve the known ones for
convex hypersurfaces given by (1.1) and (1.2) (see Remark 2).
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Corollary 1.2. Let K € K} be of class C_%. Then,

/ K«deanl an ’Bg‘2|bd‘[§| ,

DK g

/ a1t IBSIIbGUQ(I2
ar KT g

Equality holds in both inequalities if K = BY (up to dilations).

These higher dimensional extensions will be consequences of a very general
result for functions defined on a general probability space, which will be
obtained following the ideas in [7]. More precisely, we will prove the following
proposition. Here, as usual in the literature, Ep will denote the expectation
of p, Cov(p,h) = Ehp — EREp the covariance of p and h, and || - ||~ the
sup-norm, i.e., || flloc = sup{|f(w)|:w € Q}.

Proposition 1.1. Let (2, P) be a probability space such that, for any A C
with positive probability and any 0 < p < P(A), there exists B C A with
P(B) = p. Let p,h: Q — R, with p € LY(Q) and h € L>®(). Then, for
any conver function F : I — R, I C R where all the expressions below are
defined, we have

F (Ep+ it ) + F (B — i)
5 .

The paper is organized as follows. In Section 2 we study the probabilistic
type results that will be the key to the later development; in particular,
we prove Proposition 1.1. Then Section 3 is devoted to provide tight esti-
mates for the integral of any convex function of the i-th mean curvatures
H; (Theorem 3.1), which will allow to get, as particular cases, lower bounds
for the integral of any power of H; and 1/H; (Theorems 3.2 and 3.3). Other
consequences, such as an estimate for the entropy of H;, are also obtained.

Analogous results to the ones of the H;’s, but for the elementary symmet-
ric functions of the radii of curvature of a C'i convex body, are proved in
Section 4 (Theorem 4.1); additional considerations regarding the possibility
of removing the inner and outer radii from the bounds are also made. Then,
Section 5 is devoted to relate the integral of the symmetric functions of the
radii of curvature, to the roots of the Steiner polynomial of the convex body,
as well as to consider particular families of bodies like constant width sets.
Finally, in Section 6, we provide tight estimates for the integral of any con-
vex function of (powers of)) the radial function of a convex body. In this case,
the bounds will be given in terms of the so-called dual quermafintegrals.

E(Fop) >

2. SOME PROBABILISTIC TYPE RESULTS

In this section we show the probabilistic results (Proposition 1.1 and, as
a consequence, Proposition 2.1) from which all theorems will be obtained.
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We start with the proof of Proposition 1.1.

Proof of Proposition 1.1. Without loss of generality we can assume that
Cov(p, h) < 0; otherwise we just change h by —h.
Let m be the median of p and let Q7 C 2 and Q9 = Q\Q; be such that
]P)(Ql) = P(Qg) = 1/2 and
{weQ:pw)>m} CO C{weQ:pw)>m},
{weQ:pw)<m} CQC{we:pw) <m}.

The fact that if P({w € Q : p(w) = m}) is positive then we can divide it into
two disjoint sets of appropriate measure, guarantees that such € exists. Let

=2 /Q p(w)dPw) and py =2 /Q p(w) dP(w).

2

Since p1 + p2 = 2Ep, we can write

(2.1) p1=Ep+b and py=FEp—>
for some b > 0. First, we are going to prove that
|Cov(p, h)]
(2.2) = <.
1 — Eh|le

Indeed, since
—[|h — Bhllow < Bh — h(w) < [[h — bl

for every w €  and since p(w) > m if w € Q; and p(w) < m if w € Qg, then
we have that

/ (B h(e) (o) ~ m) dB() < S lIh — Ehflas(r —m)
and

i (B~ h(e) (o) ~ m) dP() < 5k~ Ehllsa(ps —m)
Adding both integrals and using (2.1) we get

E((Eh — h)(p — m)) = / (Eh — h(w)) (p(w) — m) dP(w)

Q
1
< 3 lIh~ Bhllalor — p2) = b — Ehllocd,
and since
E((Eh — h)(p — m)) = EhEp — Ehp = — Cov(p, h),

we obtain the required bound (2.2).
Now, since F' is convex, Jensen’s inequality (see e.g. [16, p. 20]) yields

Flp) <2 [ (Pop)@)dPw) and Flpn) <2 [ (Fop)w) dP)

2
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which, together with (2.1) and (2.2), implies the result:

B(Fop) = [ (Fop@)dP)+ [ (Fop)w)dP)
L Flp)+ Flpa) _ F(Ep+)+ F(Ep—b)

- 2 - 2
Cov(p,h) Cov(p,h)
F(EP+ HhO—VE’;LHm) +F(Ep_ ||hO—V1E€L||m)
5 .

>

An interesting particular case is obtained when F(z) = 1/x:

Corollary 2.1. Let (Q,P) be a probability space such that, for any A C Q
with positive probability and any 0 < p < P(A), there exists B C A with
P(B) =p. Let p,h:Q — R, with p € L'() and h € L*>®(Q). Then,

1 E
B> ot
S =

If we express the probability measure by means of a density with respect
to another (not necessarily a probability) measure p, we immediately get
the following result.

Proposition 2.1. Let (Q, 1) be a measure space and let g : @ — R be a
positive integrable function such that ngdu =1, and for any A C Q with
Ja9du >0 and any 0 < p < [, gdpu, there exists B C A with [z gdu = p.
Let p,h : Q — R be integrable functions with h € L*(2). Then, for any
convez function F' : I — R, I C R where all the expressions below are

defined, we have
F (/ngdwrn(p, h,g)> + F </ngdu - n(p,h,g)>

2 9

/(FOp)gdu >
Q

where
_ Jarhgdp — (Jopgdu) (Johgdp)
Rewriting the above proposition for some particular functions, special

inequalities can be obtained. For instance, we can take p = 1/g and, either
F(z) =1/2% or F(z) = 2+ with o > 0:

n(p,h,g)

Corollary 2.2. Let (2, u) be a measure space and let g : Q — R be a positive
integrable function with ngd,u =1, 1/g integrable and such that, for any
A C Q with ngdu >0 and any 0 < p < ngdu, there exists B C A with
Jg9dp=p. Let h: Q@ — R be an integrable function, h € L>(Q), and let

_Johdp —p(Q) [ hgdp
9 "9 = fahgdull,
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Then, for any a > 0,

a+1 1 1 1
(24) /Qg =y <(M(Q) +n(h, )" " (n(Q) - n(h,g))a>

and

1 0) + h, a+1 ) — h, a+1
(2.5) L gy > W@ )™+ (u(@) —nh.g))
Q9 2
In particular, taking a = 1 in (2.4) and in (2.5), we get

p(§2) 1
/Qg%lu > POEETONIE and /Q gdu > () +n(h, 9)%,

respectively.
It is also of particular interest to obtain an estimate for the entropy of g,
i.e., to consider F'(z) = —logz and again p = 1/g.

Corollary 2.3. Let (2, 1) be a measure space and let g : @ — R be an
integrable function with ngdu =1, 1/g integrable and such that, for any
A C Q with ngdu >0 and any 0 < p < ngdu, there exists B C A with
Jpgdu=p. Let h: @ — R be an integrable function, h € L>(Q). Then

1
/ gloggdu = —3 log (u(9)2 - n(h,g)z),
Q
where n(h, g) is defined as in (2.3).

3. MEAN CURVATURES OF HYPERSURFACES

For a convex body K € Kj and a non-negative real number A, the vol-
ume of the Minkowski sum (vectorial addition) K + ABY is expressed as a
polynomial of degree n in A, namely,

n
(3.1) K+ By =Y (”) Wi (KN,
i=0 \'

which is called the (classical) Steiner formula of K (see [17]). The coefficients
W, (K) are the quermafintegrals of K, and they are a special case of the more
general defined mized volumes for which we refer to [16, s. 5.1]. In particular,
Wo(K) = |K| (the area A(K) in the planar case), nW1(K) = |bd K| (the
perimeter p(K) in the plane) and 2W,,_;/|B%| = b(K) is the mean width
of K. Moreover, W, (K) = |B%|, which takes the value

7Tn/2

r(3+1)
where IT" is the gamma function. Then, denoting by B the beta function, it
is easy to check the one-dimensional recursion formula (see e.g. [18, s. 5.3])

By T3+ \2 2 0

|Bz| =
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From now on, for the sake of brevity, we will write W; = W;(K),i=0,...,n,
and analogously for all radii, if the distinction of the body is not needed.

Further, for 1 <j<k<n-1,0<1<n-—1,let

W;iWi, — W1 Wy
. = Wi W,

W? R(K —x) — ,—— — (K —

£1min max{ ( x) Wier Wi r( I)}
if K # By (r) for any r > 0,
njky =0 if K = By(r) for some r > 0.

Njkl =

(3.3)

We observe that since tBY C K and K C RBS, the inequalities
(3.4) Wi <W; < RW/L'+1,

1=0,...,n— 1, are a direct consequence of the monotonicity of the mixed
volumes (cf. e.g. [16, p. 282]); hence the maximum in (3.3) is always positive
(quermafintegrals are translation invariant functionals). This, together with
the inequalities

(3.5) W;Wp > W; Wiy, 1<7<k<n—1,

which are particular cases of the Aleksandrov-Fenchel inequality (see e.g. [16,
s. 7.3]), ensures that n;;; > 0.

Remark 1. At this point we would like to observe that the point x € K for
which the minimum in (3.3) is attained and cx do not necessarily coincide,
and thus, we cannot just assume that cx is the origin in all the results.
Indeed, taking the triangle

T
T = conv {(O, 0)T,(1,0)7, <\g§, ;) } ;

it is easy to see that cp = (1/2, (2 — \/g)/2)T, R(T —cr) = (V6 — V2)/2
and T(T — cr) = (2 — V/3) /2, which yields

max{R(T PSR CT)} =P HT—er) = 0.2667...
21 21 27

However, there are translation points x € T for which the corresponding

mazimum is smaller: for instance, if we take x = (3/5,3(2 — \/3)/5)T, it

can be checked that

maX{R(T—m)—Qg,g—f(T—x)}zg—f(T—x):0.2399...
2w T

The C_% case follows by approximation.

Throughout the paper we will denote by

O-i(xla"'7xm): Z x]lm]z

1<ji<-<gi<m
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the ¢-th elementary symmetric function of zq,..., 2, € R, 1 < i < m,
setting o¢ (x1, ..., %) = 1. Furthermore, we will use s; (21, ..., zy,) for the
normalized i-th elementary symmetric function, i.e.,

-1
m
Si (X1, ) = ; g Ty Xy,

1<j1<<ji<m

with sg (z1,...,2m) = 1.
If K € Kf is of class C’i, then its boundary bd K is a (compact) hypersur-
face of R", and we can consider the n — 1 principal curvatures ki,..., ky,—1

of bd K. As usual in the literature, by
Hi:Si(kl,...,kinfl), izl,...,n—l,

we denote the i-th mean curvature, setting Hy = 1, and we refer to H = H;
as the classical mean curvature and to K = H,,_1 as the Gauss-Kronecker
curvature. Then (see e.g. [16, pp. 296-297]) it is known that, fori = 1,...,n,

1 1
(3.6) m:/ H;@W*:/ g Hy A1,
" Jbd K N Jbd K

where g = hg o vk and hi(u) = sup,cx (z,u), u € R”, is the support
function of K (see e.g. [16, s. 1.7]). We observe that the volume

1 1
K| =Wg = / qx HodH" ' = / g dH" 1
N Jphd K N Jpd K

First we show the following general result for an arbitrary convex function.

Theorem 3.1. Let K € K} be of class Ci. Then, for any convex function
F: I — R, I CR where all the quantities are defined, and all0 < i <n-—1,

Wi Wi
W+ 771,i,0) + F (V\% - 771,i,0>
2 Y

F(
(3.7) / (F o H;)dH"™! > nW,
bd K

(3.8)

F<W1+ ~)+F(W1— .
1 - WiJrl 771’2’7' Wi+1 T’IKL,’L
Fo— | HydH" ! >nW,; .
/bdK < Hz) ’ ' 2

FEquality holds in both inequalities if K = By (up to dilations).

Proof. In order to get inequality (3.7), we consider the probability space
(bd K, H”_l/(nwl)) and apply Proposition 1.1 to the functions p = H;
and h = qx. Then, using the identities in (3.6), we get Ep = W, /Wy,
Eh = WO / W1 and

W;W; — WoW,

Cov(p,h) =Ehp — EREp =
Wi

Moreover,

WO
h—Ehlloc = AL -2, 2

:xebdK}:max{R Wo Wo f},
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and since the functionals H;, W; are translation invariant, the greatest pos-
sible lower bound for [, ; - (FoH;) dH" ! will be obtained for the translation
of K such that the above maximum is minimal. Altogether gives (3.7).

Inequality (3.8) is obtained analogously, but now as a consequence of
Proposition 2.1 for p = 1/H;, h = qx and g = H;/(nW,;4+1); we notice that,
by (3.6), fyqrgdH" !t =1.

Equality trivially holds for K = Bj (up to dilations) just noticing that
W;(B%) = |BY| for all i = 0,...,n and [S""!| = n|BY}|. a

As our main aim is to get bounds for the integral of powered mean
curvatures, this may be achieved applying Theorem 3.1 to the functions
F(z) = 2%t or F(z) = 1/2%, a > 0. Thus, two different results can be
obtained, providing different bounds for the same integrals:

Theorem 3.2. Let K € K} be of class C’_%. Then, for all0 <i<n-—1 and
any o > 0,

(3.9)
a+1 a+1

/ Frotigpn-1 s " (Wit1 +Winio) - N (Wit1 — Winiio) -

bdK 2 Wt Wi ’
(3.10)

1 o | (W4 Wiy Ul,i,i)aH (W1 — Wi 771,i,z')a+1
IT0 dH Z B o + @ :
ba i H; 2 Wi Wiy

Equality holds in both inequalities if K = BY (up to dilations).

Theorem 3.3. Let K € K} be of class C’_%. Then, for all0 <i<n-—1 and
any a > 0,

(3.11)
a+1 a+1
Ll W &+ W &l
bd k& Hj 2 | (Wix1 + Winiip) (Wit — Wimiip)
(3.12)
41 41
H{l-‘rldHTL—l > 2 Wia-i-l _ 4 W?—O—l _
bdK T2 | (Wi Wi mi) (W1 — Wig1n1)

Equality holds in both inequalities if K = BY (up to dilations).

The lower bounds for [, ;- H{'dH" ! given by (3.9) and (3.12) cannot
be compared; indeed, depending on the set, each one of them may be tighter
(the same occurs in the case of [, 1/H*dH""1). For instance, it can be
checked that if K is a convex body such that

;réi[r(lmax {R(K —z)— m, g? —T(K — :17)}
5 W, W;
> ;réigmax{R(K —x) — Wit Wit (K — x)},
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then (3.12) provides a better bound. However, weaker bounds, which are
obtained from Theorems 3.2 and 3.3, can be compared. We see it in the
following, proving Theorem 1.1.

Proof of Theorem 1.1. First we observe that the fact that the functions z®+!
and 1/x“ are convex, allows 7; ; 0 and 11 ; ; to be replaced by smaller numbers
in Theorems 3.2 and 3.3: by (3.4) and (3.5) we immediately get

M,i0 2 o5 Wi“—fl _WOWH_I _ 5 >0 and
Wimingeg {R(K —z) —¥(K —2)} nWji
W;W; — WoW; i
M > S s S 5y

W2 mingeg{R(K —z) —T(K —2)}  nWZ,, ~
(see the definition of §; in Theorem 1.1), and thus (3.12) and (3.9) yield

W{lJrl W~a+1
(3.13) HyHlan ! > o ot |
bd K (W1 + anﬂ) (W1 - nWZH)
a-+1 a-+1
Wig1+ %) (Wi+1 - % )
3.14 Hotlgprt > 0 ( SR - :
(3.14) bdK -2 Wt " Wi

respectively. But it can be checked that the lower bound in (3.13) is greater
than the one in (3.14). Indeed, easy computations allow to see that this fact
is equivalent to the inequality

1 1
Ato°  (T-ap
for any a > 0, where
_ &i _ W;W; — WoW, 4

nWiWir1  WiWiq (R(K — cx) —T(K —ck))
Using again (3.4) and (3.5), we get that
0<W;Wi — WoWig < WiWiiq (R(K — k) — T(K — ck)),
and therefore, 0 < x < 1. Thus, (3.15) is equivalent to see that

ST
flz) = (I+z)~ (I—z)~
(1+z)otl 4+ (1 — z)ot!
for all x € [0,1] and any o > 0. A direct computation shows that the
numerator in

fl(z) =

(3.15) > (14 2)* + (1 —2)*!

X

>1

(1—2)? 2o+ 1)z +1] — (1+2)2T 1 — (2a + 1)z]
(1 — 2)ot(1 + z)o+1[(1 — z)otl 4 (1 + x)aJrl}Q

is an increasing function in = € [0, 1], and so non-negative, which ensures
that f(x) itself is also increasing and hence f(x) > f(0) = 1, as required.
Analogous computations show the lower bound for fb ax 1/ HedHP L O
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Remark 2. We notice that in the case i = 1 (mean curvature), the esti-
mates for fbdKH”_ldH"_1 and fbdK 1/H dH™ ! which are obtained from
Theorem 1.1 when, respectively, « = n —2 and o = 1 (see Corollary 1.1),
improve the known ones for convexr hypersurfaces given by (1.1) and (1.2).
Indeed, on the one hand,

1 [bdK[*Wy _ 1|bdK]*Ws W}

= N—
nWw2 — & n W% Ws
27 [bdK]?

because of the Aleksandrov-Fenchel inequality (3.5) for j = k = 1. On the
other hand, since the function 1/x"~2 is conver, then

> n|K]|

nnl wap—t N wap—t _n! PANA
2 n—2 n—2 | = 2 bd K |n—2
(Iba k| + ) (1ba x| - &) [bd K|
n—1
= n 2y > | By,
Wl

where the last inequality follows from the known relations Wg?_i > Wf_JWi_z,
0<i<j<k<n, which are also consequences of the Aleksandrov-Fenchel
inequality (see e.g. [16, (7.66)]). Similar considerations can be made regard-
ing Theorems 3.2 and 3.3.

It may also have interest to obtain an estimate for the entropy of the i-th
mean curvatures. We do it in the following result.

Corollary 3.1. Let K € K} be of class C’_%. Then, for all0 <i<n—1,

W2
H;log H; dH" ! > —gwi+1 log (val - n%zz) .
bd K i+1

FEquality holds if K = BY (up to dilations).

Proof. It is a direct consequence of Theorem 3.1, just taking the convex
function F(z) = log(1/z) in inequality (3.8). O

4. RADII OF CURVATURE OF CONVEX BODIES

If K € K is of class C_%_, we can consider the n — 1 principal radii of
curvature 71, ...,rn—1 of K at u € S*™1, i.e., the eigenvalues of the reverse
Weingarten map (see e.g. [16, p. 116] for a detailed explanation). Then, for
i1=1,...,n—1, we denote by

Qi = S; (7°17 e ﬂ"nfl)

the i-th normalized elementary symmetric function of the principal radii of
curvature, with g9 = 1, and we observe that, properly ordering the indices,

bt

ri(u) =
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i=1,...,n—1, where zx(u) € bd K is the unique point of the boundary at
which u is the outer normal vector. Moreover, for all uw € S*™!, z € bd K,

H, ;. On—i—
Hn,11 (rx(v)) and Hi(z)= QT;(VK@))?

and then (see e.g. [16, pp. 296-297])

0i(u) =

1

1
(4.1) Wi = / On—i dHn_l = / hKanifl dHn_l,
n S§n—1 n S§n—1

i=0,...,n — 1; the right-hand side identities in (3.6) and (4.1) are usually
known in the literature as Minkowski’s integral formulae.

An analogous result to Theorem 3.1, now replacing the i-th mean curva-
tures by p;, can be obtained. For the sake of brevity we write (see (3.3))

Nk = Mn—jn—kmn—1-

Theorem 4.1. Let K € K} be of class C’_%_. Then, for any convex function
F: I — R, I CR where all the quantities are defined, and all0 < i <n—1,

ani — ani A
’F (W + 7%,1,1) +F (\?SI - 772',1,1)
2 )

| Fooyant = upy
Sn—l

| By 1B |

F(JEL 4+ i1 ) + F(JEL — i )

1 W, ., T ML+l W, — Milit1

/ <Fo ) 0i dH" ™t > nW,,_; .
Sn—1 Qi 2

Equality holds in both inequalities if K = BY (up to dilations).

Proof. The first inequality is obtained applying Proposition 1.1 to the prob-
ability space (S"~!,H"~!/(n|B%|)) and the functions p = ¢; and h = hg.
Then, using (4.1), we get Ep = W,,_;/|By|, Eh = W,,_1 /| B}|,

Wn—i—1|BEL| - Wn—iwn—l

Cov(p, h) = —
| B[?
and
W, o
| — Eh||os = sup {‘h;((u) - ‘Bn‘l ‘u€S 1}
2

= max {R — Wit Wiy — 1‘"} .
B3| " B3]
Altogether, and taking into account that all bounds obtained for all possible
translations of K are valid, shows the first inequality.
Second inequality is obtained analogously, but now as a consequence of
Proposition 2.1 for p = 1/9;, h = hg and g = 9;/(nW,,_;); we notice that,
by (4.1), Jguo1 gdH" ™! = 1. The equality case is trivial. O

At this point we would like to mention that analogous results to Theo-
rem 3.2, Theorem 3.3 and Corollary 3.1, for g;, can be also proved replacing
the convex function F' in Theorem 4.1 by the suitable ones. And again, it
turns out that it will be not possible to compare the two lower bounds that
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can be obtained for \/\S"71 Qf‘HdH"_l, because, depending on the set, each
of them might be tighter (analogously for [s,_, 1/0% dH""1). But as we did
in the case of the H;’s, the numbers ;11 and #;1,+1 may be replaced by
smaller numbers in the corresponding results, and thus, comparable weaker
bounds can be obtained. We do not repeat all these arguments/results for
0; since they are totally analogous to the ones for the H;’s, in order not to
enlarge unnecessarily the paper. We just would like to show, as an example,
the bound obtained for [, , 07 dH" ! taking F(z) = 1/z in the second
inequality of Theorem 4.1, as well as the corresponding weaker bound.

Corollary 4.1. Let K € K} be of class Ci. Then, for all 0 <i<mn-—1,
2 jam—1 n|Bg|W%ﬂ n|B§|W%,Z
o dH" 2 B2 — W2 2 = 2
s§n—1 | 2| — Wi 141 \B”‘Q _ (Wn—lwnf'i_IBg'Wn—ifl)
2 w2 (R(K—en)—t(K—ex))
Equality holds, in the first inequality, for K = BY (up to dilations).

If we intend to provide a lower bound for the integral of F' o g; in terms
of the quermaflintegrals only, an additional hypothesis has to be imposed.
The following result is a direct consequence of Theorem 4.1.

Corollary 4.2. Let K € K} be of class Ci and 0 < i <n—1 be such that

_ Wn—l Wn—l _ —} < <Wn—1Wn—z’ . Wn—i—1>1/(i+1)
|By| " |B3] - | By |2 | B3| ’

(4.2) max {R

and let
_ WouaWai - Waia
| B3 |? | B3|
Then, for any convex function F': I — R, I C R where all the quantities
are defined, we have

VI\;E'Z- I ni/(i+1)) L F (%;;\ _ ni/(z‘+1)>
2

F
/Sn_l(F o ;) dH™ ! > n| By | (

FEquality holds for K = By (up to dilations).

We observe that the power 1/(i+1) in (4.2) is needed in order to keep the
homogeneity in both sides of the inequality, because the (n—i)-th quermafin-
tegral is an homogeneous functional of degree i (see e.g. [8, Theorem 6.13]).

Remark 3. If K € K3 is a planar centered conver body of class C’_2H then
assumption (4.2) always holds fori =1, as a consequence of the well-known
Bonnesen inequality (see e.g. [16, p. 388]): indeed, (4.2) translates into
p? —4nA > 4x? maX{R — 3, L r}2
27 21

when n =2 and i = 1, which, depending on the value of the maximum, can
be rewritten as either A—pR+7R? < 0 or A—pr+mr? < 0; both inequalities
(known as Bonnesen’s inequalities) always hold.
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So, it is a natural question to ask wether this condition is also verified
in higher dimensions, at least for the class of C’i centered or (0-symmetric
convex bodies. Next we answer this question in the negative, and thus,
assumption (4.2) cannot be removed. To this end, we need an additional
definition. A cap-body (of the ball) is the convex hull of Bf and countably
many points such that the line segment joining any pair of those points
intersects B3. Cap-bodies are particular cases of the more general defined
p-tangential bodies for which we refer to [16, s. 2.2]. It is well known (see [5],
[16, Theorem 7.6.17]) that if K € K with By C K, then K is a cap-body
of B} if and only if |K| = Wy = W; =--- = W,,_3; in particular, r = 1.

Proposition 4.1. There exist 0-symmetric convex bodies K € K, n > 3,
of class C2, such that, for all 0 < i <n —1,

Wpo1 Wy } <Wn_1Wn_i Wn—i—1>1/(i+1)

(4.3) maX{R—,— -
B3| " B3| | B3 |2 | B3|

Proof. If ¢ = 0 then any convex body different from a ball verifies the re-
quired condition, and so we assume throughout the proof that 1 <i <n-—1.

Let K = conv{BY, Re;,—Rei}, R > 1, be a 0-symmetric cap-body, for
which |[K| =Wy =---=W,_;, R=R and r = 1. We want to prove that
there exists R > 1 such that, forall 1 <i<n —1,

K| |K| KPP\
(4.4) maX{R | , 1} > < — .
B3| | B B3> |B3|
To this end, we first observe that the condition

Kl <1K|2 \K!)l/““)

B3| B3> B3]

is equivalent to (|K|/|By|—1)" > |K|/|B%|, and hence, if i > 2, then for |K|
large enough (indeed it suffices that |K|/|B%| > 3), i.e., for R large enough,
condition (4.4) holds.

So we assume i = 1, and we have to show that there exists R > 1 such

that R — |K|/|BE| > (|K|2/|By? — |K|/|B])"?, or equivalently, such that
2

2R —1°

It can be seen (see e.g. [9]) that the volume of such a cap-body is given by

2 q\(mtl)/2 IR
0

(4.5) [K| < |By]

nR"

and hence we have to show that there exists R > 1 such that

2R 1  (R2—1)(n+)/2 / RN B3|
+ 1-— dz | <
RQ ( nRm 0 ( €z ) €L 2|B£Lfl|
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for all n > 3. If n = 3 the above condition reduces to R?> + 1 > 2R, which
always holds. Moreover, fol/ R(l —z2)(»=1/2 4z is decreasing in R, and hence

/”R (1 22) D2 gy /1 (1= 222 g, _1BB]
0 0 2|By |
(see (3.2)). Therefore, it suffices to see that

2R—1<<R2—1><"+”/2 B3| >< B3|

_l’_ - s
R? nR" 2|By Y| 2| By

for some R > 1, or equivalently,

(2R—1)(R+1)"*V2(R —1)(=3)/2 | B
R 2By

which is trivially true, for all n > 4, if R > 1 is sufficiently close to 1. It
proves (4.5) and hence (4.4).

Thus we have shown that there exists a O-symmetric cap-body K € Kf
satisfying inequality (4.3). Since every convex body can be approximated
by convex bodies of class C_% (with respect to the Hausdorff metric, see [16,
s. 3.4]), we can find, on the one hand, a sequence (Kj);jen C K of C’i sets
with lim;_ K; = K. Moreover, the sequence (K]C = (K; — K;)/2)

JEN?
which is also formed by C_2F convex bodies, satisfies that
1 1
lim - (K; - K;)=-(K-K)=K,
j—00 2 2

because K is 0-symmetric. Hence, we have a sequence (K ]c) jen of O-symme-
tric convex bodies of class C’_Q|r with limit K. On the other hand, since
the quermaflintegrals, circumradius and inradius are continuous functionals
(with respect to the Hausdorff metric, see e.g. [8, Theorem 6.13]), then we
can conclude that there exists a 0-symmetric convex body K7 € Kf of class
C?, for j large enough, satisfying (4.3) for all 0 <i <n — 1. O

5. RADII OF CURVATURE AND ROOTS OF STEINER POLYNOMIALS

On the one hand, in [10], the roots of the Steiner polynomial of a convex
body K (cf. (3.1)), considered as a formal polynomial in a complex variable
z € C, are related to the maximum and minimum value of its principal radii
of curvature. On the other hand, in [7], lower estimates for the integrals of
convex functions of the curvature of a smooth bounded planar convex curve
are shown in terms of the roots of the Steiner polynomial of the region
enclosed by the curve.

Following this idea, in this section we are going to relate the integral of a
transformation of the i-th normalized elementary symmetric function of the
principal radii of curvature of a C’_% convex body K, to the roots of its the
Steiner polynomial.
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To this end, for K € Kf}, we denote by fx(z) = > i, (’Z’)\?szZ the Steiner
polynomial of K. Moreover, let v1,...,7, € C be the roots of fx(z) and,
for the sake of brevity, we write s; (7) = s; (71, .., Vn)-

Proposition 5.1. Let K € K& be of class C2, with cx =0 and K # BY(r)
for any r > 0. Then, for any convex function F': I — R, I C R where all
the quantities are defined, and all 0 <¢ <n —1,

n|By|

2

/g _1(Fo 0i) dH™ ! >

Proof. From fg(z) = |BY|[[i—,(z — i) we get

n . . W,.—;
(5.1) <)Wn_l = (=1)YBYloi (71, ym), e, nnl = ‘si (’y)‘
t | B |
Then, using Theorem 4.1, together with (3.4), we get the result. O

Remark 4. When i = n — 1, the argument of the function F in the above
expression can be expressed in terms of the real parts of the roots and their
inverses: denoting by Re z the real part of a complex number z € C, we get

[sn-1(7) 51 (7)] = [sn (9)]

[sn—1 ()] + L0
= Jsn (7)] :Sznl( i')ﬂ‘ N SZ;EiY;{si<Z)\—1
= |sn ()] _sl <i>‘+ ’Sl (i)Rsl(;V)ll
:Wl“%_l ;Re; + ‘Z?ﬂReiR?zﬂRewlﬂ

For particular families of sets, the bounds provided in Sections 3 and 4 can
be expressed in a more convenient way. We show here a couple of examples.

Proposition 5.2. Let K € KjJ be of class C% such that |K| = Wi = Wo.
Then, for any a > 0,

1
bd k H”

Equality holds in both inequalities if K = BY (up to dilations).

/ HMNAH™ > n|K|  and dH™ > n|K]|.
bd K

Similar results can be obtained for all H;, 1 =2,...,n — 1.



18 D. ALONSO, M. A. H. CIFRE, AND A. R. MARTINEZ

On a rather different tack, a convex body K € K is said to have constant
width if it has the same width wx(u) = hx(u) + hx(—u) in all directions
uw € S"!. Constant width sets have been intensively studied along the last
century. In the plane they are well known, whereas the situation becomes
much more complicated in dimension n > 3.

It is well known (see e.g. [2, p. 68]) that if K € K§ has constant width b,
then the inball and the circumball of K are concentric and R+r = b. Thus,
assuming that the origin is the incenter of K, we have R = R and T = r.
Moreover,

n
5.2 bll—,/—— | <r<R<b,/———
(5:2) ( 2(n+1)>_r_ =\ 21 1)
(see e.g. [2, p. 68, (7.3)]). For a nice and thorough survey on convex bodies
of constant width see [2].
Using Theorem 4.1, the following type of results can be obtained for
constant width sets. For the sake of brevity we write ¢,, = \/2n/(n + 1) — 1.

Theorem 5.1. Let K € Kj be a Cf_ constant width set of width b. Then,
for any convex function F : I — R, I C R where all the quantities are
defined, and all0 <1 <n—1,

By n—1i b n—i 2 n—i—
S§n—1

| B3| cn| B3| b
n F<Wnn—z ~ bWy — iwn—i—1>:| '
| B | cn| B3| b
Moreover,
B B2 n+ 1 2/sig1(7)]
Fop)dH" 1> L‘ | 2= i -
| weaar =15 o] - 22
cn—1 2[sit1(7)]
F i _ .
+ ( s+ =

Equality holds in both inequalities if K = By
Proof. Since Wy,_1/|By| =b/2 and R + 1 = b, using (5.2) we get

Wt b b b b on
Br T2ty (bRI=R 2-2( nt 1 )

and therefore

- Wi iWy1 — [BE[Wyisr bW,y —2W,
(A - ey
T 2 _ Wun W 21B2| (R — b
B2 max { R = Yt gt B3| (R~ 3)
bW,_s — 2Wai1
cn|BY|b

Using the above bound, the first inequality is a direct consequence of The-
orem 4.1; the second inequality follows from the first one and (5.1). O
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6. RADIAL FUNCTION AND DUAL QUERMASSINTEGRALS

A non-empty set S C R"™ is called starshaped (with respect to 0) if the
line segment [0,2] C S for all z € S. For a compact starshaped set K, the
radial function is defined as

pr(u) =max{A>0: uec K}, wuecR"\{0},

and clearly, pg (u)u € bd K. We will denote by S the family of all compact
starshaped sets in R™ having the origin as an interior point.

Dual quermafBintegrals (and dual mixed volumes) were introduced by Lut-
wak in [12], being the starting point for the development of the nowadays
known as dual Brunn-Minkowski theory (see e.g. [16, s. 9.3]). The dual
quermafintegral of order i, i = 0,...,n, of K € §f is defined as

— 1 )
(6.1) W;(K) =~ / P AR
n Sn—l

which is monotonous and homogeneous of degree n — i (see e.g. [6, s. A.7]),
although not translation invariant. In particular, the use of spherical co-
ordinates immediately yields Wo(K) = |K|, whereas W, (K) = |By| and
2W,_1(K)/ |BY| is the average length of chords of K through the origin.
Moreover, if K € Kf, then Wi(K) < W,(K) forall i =0,...,n (see - [12]).

Let K € §§. Again, for the sake of brevity, we will write W = Wi(K),
and for any 0 < j,k,l <n with j + k < n, let

|K||By| = Wn—; W,
WZ_Z max {R"—j oW W r"—j}

)
Wijik Wnjik

ﬁj,k,l = if K 75 BS(T’), r >0,

Njkt =0 if K = By (r) for some r > 0,

where R, T are defined analogously to the convex case. From the monotonic-
ity of the dual quermassintegrals we get T/ Wn ke < Wk < RnI Wn 4k
(cf. (3.4)), and so the above maximum is always positive. This, together with

the relation |K||B%| > VNVn_jo (a consequence of the dual Aleksandrov-
Fenchel inequalities, see e.g. [12, Theorem 2]), ensures that 7;5; > 0.

Theorem 6.1. Let K € §f. Then, for any convex function F' : I — R,
I C R where all the quantities are defined, and all 0 < v < n,

( BT +771z0> +F( BT ﬁmgo)
2 M

/Sn1 (Fopl)dH™ ! > n|BY|

BY ~ BY ~

1 A _F (Lw 2|, + 771',0,@') +F (lwiﬂ - 771',0,@')

/ <F (¢} 1>p}( dHn_l 2 nwnfl et it .
S§n—1 pK 2

FEquality holds in both inequalities if K = B3 (up to dilations).
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Proof. In order to prove (6.1) we apply Proposition 1.1 to the probability
space (S"~!, H"1/(n|BY|)) and the functions p = p% and h = p}*. Then,
by (6.1), we get Ep = W,,_;/| B3|, Eh = W;/| B3| and

KBy~ W, W,

COV(p, h) - |B§L|2
Moreover, since px(u)u € bd K, we have
|h —Ehlloe =sup? |px(u)" ™" — | i u € S
| B3|
— R — ? T Zn—t
- B3] [B5]

Altogether shows the first inequality.

Second inequality is obtained analogously, but now as a consequence of
Proposition 2.1 for p = 1/pk., h = p”K_i and g = pk-/(nW,,—;). The equality
case is trivial. O

Remark 5. We observe that, since (6.1) can be defined for any i € R,
Theorem 6.1 holds true for all i € R, just properly defining the values 1; j .
Moreover, taking F(x) = 2! or F(z) = 1/x2% for suitable powers o > 0,
and considering (6.1) defined for any i € R, new inequalities relating the
dual quermafintegrals with the in- and outer radii can be obtained.
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